We provide a reduction of a set of two coupled oscillators with balanced loss and gain in their elementary modes. A possible method of quantization based on these elementary modes, in the framework of P T symmetric quantum mechanics is indicated.
Recently Bender et al [1] considered an example of P T symmetry [2] in experiments with whispering gallery [3] which represents a coupled system with balanced loss and gain. The theoretical model is basically a damped harmonic oscillator and its time reversed copy with a coupling between the two. The damped harmonic oscillator (dho) problem is associated with the breaking of time -reversal symmetry. A direct Lagrangian formulation leads to explicitly time dependent Lagrangians [4, 5] which poses problem for further analysis. The standard approach [6, 7, 8] is to complement the dho by its time reversed image and work with an effective doubled system. This leads to a system with balanced loss and gain with no coupling. The new input in the model [1] is the introduction of mutual coupling, the importance of which must be appreciated, specially because it represents an experimental situation. In this context it may be noted that in all the works on the quantization of dho [5, 6, 9, 10, 11, 12] no coupling between the time reversed copies was introduced.
A new method of canonical quantization of the dho based on the doubling of degrees of freedom was developed by the authors some years ago [13] . The method was based on explicit expressions of the Lagrangians that characterise dual manifestations of the SU(1,1) symmetry of the dho and represent elementary modes of the composite doubled system. An interesting outcome is that these lagrangians contain complex parameters. The Hamiltonians corresponding to the complex Lagrangians are found to be pseudo -hermitian [14] . The diagonalization of the complex Hamiltonians pertaining to these modes was achieved by a generalization of the Dirac -Heisenberg method of treating the linear harmonic oscillator. With this hindsight one can understand that analysis of the coupled system of [1] will be facilitated if the corresponding composite lagrangian may be broken in its elementary modes. In this report we will show that this can be achieved.
We begin with a review of the model of [1] . The equations of motion of the coupled system arë
where the second equation is the time reversed version of the first. Furthermore, the parameters γ and ω are independent of time. Also observe that the same parameter γ occurs in both the equations signifying balanced loss and gain.
If the ratio
is greater than one, the free motion is oscillatory with exponentially decaying amplitude. Otherwise, the motion is nonoscillatory i.e. overdamped [13] .
Lagrangian of the system (1) can be constructed by the inverse lagrangian method [15] . First we write the variation of the action as
From (3), the first equation of (1) is obtained by varying S with y whereas the second equation of the set follows from varying S with x. Since the equations of motion for x and y follow as EulerLagrange equations for y and x respectively, the method is called the indirect method. Now, starting from (3) we can deduce
It is then possible to identify the lagrangian of the system as
where x coordinate and y coordinate represent mutual time -reversed counterparts. Introducing the hyperbolic coordinates x 1 and x 2 [8] where,
the above Lagrangian can be written in a compact notation as
where the pseudo -Eucledian metric g ij is given by g 11 = -g 22 = 1 and g 12 = 0.
The Lagrangian (7) is very similar with the general bidimensional oscillator Lagrangian discussed in connection with the damped harmonic oscillator problem [13] . Infact the model (7) passes to the later in the limit ǫ → 0. The quantization of the damped harmonic oscillator in the framework of the P T symmetry relied on the analysis of the model in terms of two complex lagrangians in the underdamped regime. The hamiltonians of these pieces were found to be pseudohermitian [14] 1 . Similar reduction of (7) will now be discussed.
Accordingly we introduce the Lagrangian doublet
where, Γ, k ± and λ are yet undetermined constants. The synthesis of L + and L − is now done by the soldering formalism which has found applications in various contexts. Duality symmetric electromagnetic actions were constructed [18] ; implications in higher dimensional bosonization were discussed [19] ; the doublet structure in topologically massive gauge theories was revealed [20] ; a host of phenomena in two dimensions were analysed [21, 22, 23] including the Landau problem of an electron oscillating in a plane subject to a strong perpendicular magnetic field [16] .
We start from a simple sum
Substituting from (8) we get
The essence of the soldering procedure can be understood in the following way. Use
Since there is no kinetic term for y i it is really an auxiliary variable. Eliminating y i from L(y, x) by using its equation of motion we directly arrive at
If we make the following identification
the lagrangian (12) goes over to (7) . Note that the opposite sign of the kinetic term of the elementary lagrangians are crucial in the cancellation of the time derivative of y in (11) which in turn is instrumental in the success of the soldering method.
The identification (13) has an immediate consequence. The ratio (2) is found to be,
Different situations may arise depending on the coefficients k ± . For real k + , k − R < 1. Hence in this case the parameters identified by (13) correspond to an over damped motion of the dho 2 . Also note that for consistency of the first and third relations of (13) we require k + and k − to be of opposite sign, with a suitable choice of their absolute values. Finally, for positive γ, Γ > 0 is required.
Now the physically more important situation is the under damped motion of the dho where the motion is oscillatory with decaying amplitude. Here the parameters of (7) must be such that the ratio R > 1. As already observed in the preceding paragraph this condition cannot be simulated by the identification (13) for real values of k ± . However, if k + and k − are continued to complex values so that
and
Clearly R > 1, which is the required condition for oscillatory motion. Now equation (13) gives
We express κ as
with κ 1,2 positive. The relations (17) give Γ 2 = −2κ 1 . We find that Γ = ±i √ 2κ 1 i.e Γ must be purely imaginary. Again, using this value of in (17) we get
Note that there are two arbitrary real positive parameters κ 1 and κ 2 in the above. To simplify the expressions we put
Note that ǫ is kept explicit to show the effect of coupling. Substituting (15) and (20) in (8) we get the elementary modes
the soldered form of which is the Lagrangian (7) pertaining to the oscillatory limit. Evidently L + and L − are complex conjugates to each other.
It has been mentioned earlier that without the coupling term the model (7) is the same as the damped harmonic oscillator along with its time reversed image [13] . The quantization of the uncoupled model has been discussed in [13] in the framework of the P T symmetric quantum mechanics. This quantization relied on the splitting of the starting bidimensional model into elementary models carrying opposite aspects of the SU(1,1) symmetry of the original model. It is interesting to note that the model (7) with the coupling does not posses such symmetry, neither do the elementary modes. So a straightforward quantization by our method [13] is not possible. However, if the coupling strength Λ is small we can build the perturbative quantum mechanics of the coupled theory based on the elementary oscillators (21, 22) .
We have discussed the lagrangian reduction of a coupled set of oscillators with balanced loss and gain [1] . The coupled set can be represented by a planar lagrangian which reduces to the lagrangian corresponding to the bidimensional oscillator representing a damped harmonic oscillator and its time reversed image [13] . The latter was reduced into elementary modes which can be quantized when the coupling is small, by exploiting the quantum mechanical analysis of the damped harmonic oscillator [13] in a perturbative framework. Work in this direction is currently in progress.
